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• Redistricting has to be carried out to prevent

geographic malapportionment.

• A redistricting can favour a certain party (or parties).

• If redistricting is manipulated for an electoral advantage,

we speak of gerrymandering (Elbridge Gerry).

Examples:

• AU: Done by non-partisan commissioners.

• HU: No redistricting since 1990.

• SA: Done by the Munincipal Demarcation Board.

• US: In most of the states mainly done by the state

legislature subject to approval by the state governor.



Arizona
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Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

• Legal issues:



Related literature
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– otherwise, lack of evidence.

• Political science: Gelman and King (1994), Sherstyuk

(1998), Shotts (2002) and Gilligan and Matsusaka

(2006) among others.

• Economics: Besley and Preston (2007), Coate and

Knight (2007), Gul and Pesendorfer (2007) and

Friedman and Holden (2008).
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• Let N = {1, ..., n} be the set of voters and D = {1, ..., d}
be the set of districts.

• There are two parties A and B with nA and nB

supporters (nA + nB = n).

• Each possible district consists of 2k + 1 voters.

• The voters’ party preferences are given v : N → {A, B}.

• Full participation rate.
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Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

Definition: A non-empty family S ⊂ 2N is called a

geography if

• for all S ∈ S, |S| = 2k + 1, and

• there exist S1, . . . , Sd ∈ S such that {S1, ..., Sd} forms a

partition of N .

Definition: f : N → D is called a districting if f−1(i) ∈ S for

all i ∈ D



Geography

Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

Definition: A non-empty family S ⊂ 2N is called a

geography if

• for all S ∈ S, |S| = 2k + 1, and

• there exist S1, . . . , Sd ∈ S such that {S1, ..., Sd} forms a

partition of N .

Definition: f : N → D is called a districting if f−1(i) ∈ S for

all i ∈ D and ∪i∈Df−1(i) = N .



Geography
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Definition: A non-empty family S ⊂ 2N is called a

geography if

• for all S ∈ S, |S| = 2k + 1, and

• there exist S1, . . . , Sd ∈ S such that {S1, ..., Sd} forms a

partition of N .

Definition: f : N → D is called a districting if f−1(i) ∈ S for

all i ∈ D and ∪i∈Df−1(i) = N .

Remark: If S consists of all 2k + 1 sized subsets of N , we

speak of districting without geographical constraints.
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Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

We shall denote F (f, v, A) and F (f, v, B) the number of

districts won by parties A and B, respectively.

Definition: A districting f : N → D is unbiased if

F (f, v, A) = bdnA

n
c or F (f, v, A) = ddnA

n
e. A districting is biased

if it is not unbiased.

Proposition: An unbiased districting without geographical

constraints can be determined in linear time.



Unbiased districting
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We shall denote F (f, v, A) and F (f, v, B) the number of

districts won by parties A and B, respectively.

Definition: A districting f : N → D is unbiased if

F (f, v, A) = bdnA

n
c or F (f, v, A) = ddnA

n
e. A districting is biased

if it is not unbiased.

Proposition: An unbiased districting without geographical

constraints can be determined in linear time.

Proof: Fill bdnA

n
c districts with voters of party A, bdnB

n
c

districts with voters of party B and the remaining district

with the remaining 2k + 1 voters.
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Efficient algorithms to NP-complete problems are not

known. There are many important NP-complete problems.

Showing the NP-completeness of a decision problem L:

1. An ,,answer” should be verifiable in polynomial time

(L ∈NP).

2. Selection of an appropriate NP-complete problem L′.

3. Construction of a transformation f : L′ → L.

4. Showing that x ∈ L′ iff f(x) ∈ L.

5. Proving that f is a polynomial transformation.
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EXACT COVER BY m-SETS (m ≥ 3).

INSTANCE: X with |X| = mq and a collection C of m

element subsets of X.

QUESTION: Does C contain an exact cover for X?

EXACT COVER BY m-SETS (m ≥ 3) is NP-complete.

Theorem: UNBIASED DISTRICTING is NP-complete.

Proof: Unbiasedness of f can be verified in polynomial time

(i.e, UNBIASED DISTRICTING ∈ NP).
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Only the districts in C are winning districts for party A.

Moreover, C contains at most 3 mutually disjoint districts.

An unbiased districting cannot contain Y1, . . . , Y8.
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Only the districts in C are winning districts for party A.

Moreover, C contains at most 3 mutually disjoint districts.

An unbiased districting cannot contain Y1, . . . , Y8.

The districting is unbiased iff C has an EXACT COVER.
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Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

Take an instance C on X of EXACT COVER BY 2k + 1-

SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
k

c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y.



Proof
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voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then
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y = a(k + 1) + 2k + 1− r
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Attila Tasnádi, Corvinus University of Budapest

Start End
Back Next

Take an instance C on X of EXACT COVER BY 2k + 1-

SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
k

c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then by (2k + 1)c = ak + r

y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).
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voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then by (2k + 1)c = ak + r

y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).

If r = 0,
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y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).
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c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then by (2k + 1)c = ak + r

y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).

If r = 0, then by (2k + 1)c = ak

y = a(k + 1)
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c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then by (2k + 1)c = ak + r

y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).

If r = 0, then by (2k + 1)c = ak

y = a(k + 1)= (2k + 1)c + a
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c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

We claim that 2k + 1 | y. If r > 0, then by (2k + 1)c = ak + r

y = a(k + 1) + 2k + 1− r

= a(k + 1) + 2k + 1− ((2k + 1)c− ak)= (2k + 1)(a + 1− c).

If r = 0, then by (2k + 1)c = ak

y = a(k + 1)= (2k + 1)c + a= (2k + 1)c +
c

k
(2k + 1).
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SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
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c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r
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Construction of S on N = X ∪ Y :
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c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets.
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voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa
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voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the
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Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0.
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Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets
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1 , . . . , Y ′

a and into a 2k + 1− r-set Y ′
a+1 if
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voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the
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Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0. (3) Partition Y

into k + 1-sets Y ′
1 , . . . , Y ′

a and into a 2k + 1− r-set Y ′
a+1 if

r > 0. (4) Let Yi = Xi ∪ Y ′
i .
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SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
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r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0. (3) Partition Y

into k + 1-sets Y ′
1 , . . . , Y ′
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a+1 if
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SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
k

c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0. (3) Partition Y

into k + 1-sets Y ′
1 , . . . , Y ′

a and into a 2k + 1− r-set Y ′
a+1 if

r > 0. (4) Let Yi = Xi ∪ Y ′
i . (5) Let S = C

⋃
∪iYi

⋃
∪iZi.

f is unbiased iff it does not contain a set Yi;
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Take an instance C on X of EXACT COVER BY 2k + 1-

SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
k

c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0. (3) Partition Y

into k + 1-sets Y ′
1 , . . . , Y ′

a and into a 2k + 1− r-set Y ′
a+1 if

r > 0. (4) Let Yi = Xi ∪ Y ′
i . (5) Let S = C

⋃
∪iYi

⋃
∪iZi.

f is unbiased iff it does not contain a set Yi; and thus, an

unbiased districting exists
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Take an instance C on X of EXACT COVER BY 2k + 1-

SETS, where |X| = (2k + 1)c. Let nA = |X|, a = b (2k+1)c
k

c and

r = (2k + 1)c mod k. Party B has y = a(k + 1) + 2k + 1− r

voters if r > 0 or y = a(k + 1) voters if r = 0. Y denotes the

set of party B voters.

Construction of S on N = X ∪ Y : (1) Pick a partition

Z1, . . . , Zs of Y into 2k + 1-sets. (2) Partition X into k-sets

X1, . . . , Xa and into an r-set Xa+1 if r > 0. (3) Partition Y

into k + 1-sets Y ′
1 , . . . , Y ′

a and into a 2k + 1− r-set Y ′
a+1 if

r > 0. (4) Let Yi = Xi ∪ Y ′
i . (5) Let S = C

⋃
∪iYi

⋃
∪iZi.

f is unbiased iff it does not contain a set Yi; and thus, an

unbiased districting exists iff X has an exact cover from C.
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Assume that nA ≤ nB. Let party B be the first mover.
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Proposition: In the absence of geographical constraints,
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c.
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the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c. We claim that party A can ensure

winning m districts,
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c. We claim that party A can ensure

winning m districts, while party B can ensure winning d−m

districts.
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c. We claim that party A can ensure

winning m districts, while party B can ensure winning d−m

districts.

(1) Party A can “copy” party B’s first m moves.
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c. We claim that party A can ensure

winning m districts, while party B can ensure winning d−m

districts.

(1) Party A can “copy” party B’s first m moves.

(2) Party B contstructs a k + 1 to k district
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An approach: Let the parties play an alternating-move game

by which they determine districts sequentially.

Assume that nA ≤ nB. Let party B be the first mover.

Proposition: In the absence of geographical constraints,

the subgame perfect Nash equilibrium gives an unbiased

districting.

Proof: Let m = bdnA

n
c. We claim that party A can ensure

winning m districts, while party B can ensure winning d−m

districts.

(1) Party A can “copy” party B’s first m moves.

(2) Party B contstructs a k + 1 to k district and copies party

A’s next m− 1 moves.


